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One criterion for determining the precision of pressures cal-
culated by a simulation model is the accuracy of the material 
balance. A high degree of precision in the calculated pressures 
is a necessary condition for elimination of error in prediction of 
fluid migration in the reservoir. However, this condition is not 
sufficient to guarantee accuracy of the simulation, since inaccuracies 
are introduced by truncation errors, machine round-off errors, and 
by the use of finite difference approximations to represent non-
linear partial differential equations. 
A new procedure called Error Matrix Technique has been de-
veloped for reduction of material balance errors. This reduction 
is accomplished by adjusting potential gradients at every grid point 
in the simulation model so that the material balance is accurately 
maintained. The resulting error matrix is solved by the strongly 
Implicit Procedure. 
Performance of a hypothetical oil reservoir was simulated by 
both conventional methods and by the Error Matrix Technique. The 
new technique was found to be significantly more accurate than the 
conventional simulation. 
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I. INTRODUCTION 
A mathematical reservoir simulation model is based on sets 
of non-linear partial differential equations which express pressure 
and saturations as functions of time and position. The principles 
on which these equations are founded are Darcy's law, the law of mass 
conservation and the equations of state of each component of the 
system. The coefficients in these equations vary with respect to 
position, saturation, and time. Since the equations are too com-
plex to solve by classical methods, solutions are obtained by finite 
difference techniques. 
Two types of error should be considered in evaluating the 
accuracy of the solution. One of them is a machine round-off 
error which is introduced when a real number is converted into 
a machine number. Accumulation of this error can lead to in-
stability of the calculation scheme. If round-off error were not 
present, an exact solution of the finite difference equations would 
be obtained. It should be noted, however, that an exact solution 
of the difference equations is not necessarily an exact solution of 
the differential equations which they represent. 
1 
Exact finite difference representation of the differential equations 
2 
is not achieved, since the derivatives are approximated by trun-
cated Taylor's series expansions. Therefore, truncation error is 
another type of error which can be anticipated when finite difference 
techniques are employed. The magnitude of this error is reflected 
in the deviation of the calculated pressures from the true ones. 
Use of the erroneous pressures for saturation computations leads 
to incorrect saturation values. This error in turn yields improper 
fluid distribution and consequently magnified material balance equa-
tion error. 
Mathematically, material balance is defined as: 
. al b 1 ..:.o~r..:.ig=in..:.a..:.l~o..:.i..:.l..:.i..:.n..:.p.._l _ a __ c..:.e.;..._-_o_i_l....:r:...e_m;.;.;;..;a..:.i..:.n..:.i..:.n=g mater1 a ance = . . 
cumulative o1l produced I 1 
or, 
incremental material balance b. (OIP)* Q b.t 
0 
( - ) 
(I-2) 
where, b. (OIP) is the oil-in-place at prior time level minus oil-
in-place at the current time level, and Q b. t is the oil produced 
0 
during the time step. Ideally, the material balance, defined by 
either Equation (I-1) or Equation (I-2) should be unity. In practice, 
* Symbols are defined in the Nomenclature. (Appendix F) 
truncation error and round-off error prevent this ideal from being 
realized. 
The purpose of this study is to develop a theoretically sound 
method for reducing the material balance error to an acceptable 
level. This objective is accomplished by calculating potential cor-
rections which hold material balance accuracy . within acceptable tol-
erances. The method reduces round-off and truncation errors to 
an insignificant value based on the principle that material balance 
accuracy is the primary basis for judging these errors. 
3 
II. REVIEW OF LITERATURE 
Reservoir prediction methods based on zero-dimensional 
material balance methods have been available for many years. 
These early models include techniques developed by Schilthuis, 1 
2 3 4 5 Tarner, Buckley and Leverett, Mus kat and Tracey. As cus-
tomarily utilized, these prediction methods employ rock and fluid 
properties which do not vary from point to point but which are 
calculated as average values for the entire reservoir. Similarly, 
pressures and saturations are computed as averages for the 
reservoir. 
It is evident that a more precise description of reservoir per-
formance could be obtained if rock and fluid properties were con-
sidered as variable with position, and saturations and pressures 
were described in terms of gradients within the reservoir. The 
advent of the digital computer has made such an approach entirely 
feasible, and this technique is now used routinely for prediction of 
petroleum reservoir performance. 
4 
Many individuals have contributed to the development of modern 
reservoir simulation technology. Relevant publications which are 
considered to be of substantial importance are listed in the Biblio-
5 
6-15 graphy. However, although publications concerning mathema-
tical simulation are numerous, the problem of material balance 
error has received little attention in the literature. 
· Material balance error usually arises from small errors in 
the calculated pressure distribution. These errors may be ex-
pressed in terms of residuals which are computed in the manner 
illustrated below: 





This equation may be written in finite difference form for block i as: 
n+l B Pn+l n+l 
-D. A.P. l + + C.P. l = 1 1- 1 1 1 1+ 1 
where A. = Ki-1/2 c. = Ki+l/2 1 1 
B . -A. c. F 6x 2 1 1 1 6t 
2 
D. F~ Pn 1 /:).t 1 
The residual of this equation is defined by: 
R. 
1 
n+l A. Pn+l C. n+l D. 
pi + 1 i-1 + - 1 pi+l + 2 
B. B. B . 
1 1 1 
(II-2) 
(II-3). 
Experience has shown that small values of this residual 
(which ideally should be zero) lead to stable calculations and a 
negligible error in the material balance. 
This approach has been studied in detail by Traylor and 
Sheffield, 16 who investigated the problem by examining the "L2 
residual norm" and the "water-volume error. " The L2 residual 
norm is computed by taking the square root of the sum of the 
squares of residual pressure errors; after the square root is 
taken, the result is divided by the number of grids. The water 
volume error is calculated as follows: 
If the initial water saturation in each cell is such that k 
r 
w 
is zero during the first time step, then there is no mobile water. 
The water saturation (Swf) at the end of the first time step can 
then be computed by finite difference equations from the known 
rate of injection and the change in pressure. If S is the sat-
wp 




+ w w [', t ' 
PV 
then an absolute water-volume error is defined as: 
6 
7 
water volume error 
s - s r r ( __..:.w.;..:f:;.__w.:..:....;:;.p 
i j B X PV)i,j 
w 
total volume injected water (II-4). 
One-year predictions for an oil and water system were made 
by Traylor and Sheffield using successive time increments of 1 
day, 5 days, 10 days and 30 days. These authors concluded that 
a water-volume error no greater than 0. 1 will result in an L 2 
residual norm low enough to ensure a satisfactory material balance. 
The advantage of using this criterion is that computing efficiency 
is gained by bypassing residual pressure error calculations, such 
as were illustrated by Equation (II-3). 
17 A recent article by Nolen and Berry is evidently the first 
publication which deals directly with the material balance error 
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and by a finite difference form of the accumulation term which 
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n+1 _n (S - ~ ) 
w w 
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[( B w) ( B 
w) ] 
w w 
n-1 c (PV. S ) 
+ d (1/B ) n w r 1n-1 (P -[ -- w 0 6t B dP 
w w 
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- (PV) - s 
w 
C dP 
r + ~1/B ) cow n-1 
t-t [ B dP w ] dS } 
w w w 
X 
n n-1 n-1 (S - S ) + E 
w w w (Il-7). 
Analogous equations for the oil-phase were also presented by the 
authors. 
The definition of the error term, En , limits the material 
w 
balance error to that made during the current time step. Thus, 
the cumulative effect of material balance error is not recognized 
by this method of analysis. Further limitations to the technique 
of Nolen and Berry include the requirement that pressure must 
exceed the bubble point and the use of matrix coefficients which 
are evaluated at the prior time level ("explicit coefficients"). 
Experience has shown that the use of updated ("implicit") co-
efficients will improve stability of this type of computation. 
9 
III. MATHEMATICAL APPROACH 
A three-phase, two-dimensional, areal reservoir simulator 
was studied. The potential function which was used included 
capillary and gravity forces as well as viscous forces. The 
following principal assumptions were made: 
1. Flow is laminar and irrotational. 
2. Kinetic energies and electrokinetic effects 
are negligible. 
3. Isothermal conditions prevail. 
4. All fluids are immiscible. 
5. Mass exchange can occur only between the 
gas and oil phases. 
6. Multiphase flow can be adequately described 
by relative permeability relationships. 
10 
The flow of the fluid is governed by Darcy's law. This 
equation is combined with a mass balance to yield three partial 
differential (diffusivity) equations describing potential and satura-
tion distribution as functions of time and position. In this work, 
three phases are considered: oil, gas and water. Potential and 
saturation of each of the three phases yield a total of six dependent 
11 
variables. These appear in the equations as functions of time 
and of the two coordinate positions associated with the two-di-
mensional model. These equations and their derivation are shown 
in Appendix A. 
In order to solve any system it is necessary to have as 
many equations as variables. Therefore, in addition to the three 
diffusivity equations [Equations (A-5), (A-8), (A-13)] discussed 
above, three other equations were written which defined the po-
tentials . The potential equations are defined by Equations (A - 17), 
(A-18), and (A-19). However, pressure appears in these defini-
tions as a new dependent variable. These potential equations are 
also given in Appendix A as described above and the definition of 
the water potential only follows, in order to illustrate the meaning 





p - P gZ 
w w 









This introduction of another variable, P, requires that a 
seventh equation be written. A requirement that is necessary, but 
has yet not been mathematically imposed on the system, is that the 
sum of the saturations must be unity. This equation is 
s + s + s 
0 g w 1 (III-4) 
and completes the number of equations needed to theoretically effect 
a solution. The complete derivations and forms which are used 
for solving this system are given in Appendix A. 
It is desirable in a mathematical simulation model that 
changes in rock and fluid properties be fully accounted for. Pres-
sure dependent variables are densities, formation volume factors 
and viscosities of each phase, solubility of gas in oil and porosity 
of the rock. Saturation dependent variables are relative permea-
bilities of each phase and capillary pressures between wetting and 
non-wetting phases. Oil-phase pressure was chosen as the depend-
ent variable (Equation III-3) for convenience since oil acts as a 
non-wetting phase in the presence of water and as a wetting phase 
in the presence of gas. 
Mathematical representation of the variation of these pro-
perties is essential for correct petroleum reservoir simulation. 
They appear in the coefficients of the differential equations and 
thus yield a non-linear system. It is this property of non-
linearity which is the primary source of material balance errors 
in petroleum reservoir simulation. 
The system of equations discussed above is too complex 
to be solved by classical methods. It was therefore necessary 
13 
to use suitable numerical techniques to obtain a solution to difference 
equations which correspond to the differential equations. The 
development of the finite difference equation for pressure is pre-
sented in Appendix B. The sets of equations resulting from writing 
this difference equation at each grid in the discretized system were 
solved by suitable techniques. The alternating direction implicit 
procedure (ADIP) 18 was primarily used and it was verified by the 
strongly implicit procedure (SIP). 19 Since ADIP was used in most 
of the work, this computational technique is described in Appendix 
B. 
Both the ADIP and SIP solution techniques give excellent 
results for linear systems but they may become unstable if the 
equations are non-linear, such as those solved here. Blair and 
Weinaug20 have shown that solutions to non-linear equations by 
these methods are considerably more stable if implicit (n+ 1 time 
level) coefficients are used. One approach which may be employed 
14 
to achieve this objective is iteration. However, it has been found 
in this work that the calculation may diverge on the first iteration 
if explicit coefficients are used on this pass or if the values of 
the implicit coefficients used are substantially in error. There-
fore, a suitable extrapolation technique was needed to establish 
pressure and saturation values to be used on the first iteration. 
It was found that a linear projection, in time, of these values was 
adequate to estimate them at the new time level in order to achieve 
the desired convergence. In mathematical notation, this procedure 
is described by the relationship 
n+1 n n n-1 
p = p + (P - p ) ( !::, t I !::, t ld) 
new o 
(Ill-5). 
No- flow boundary conditions were used in this model. This 
type of boundary was achieved by setting zero potential gradients 
at the boundaries . 
For the purpose of defining and correcting material balance 
errors, individual equations of motion for each phase were used. 
Since the development of this theory is the basis of the material 
balance error reduction technique presented in this work, it is 
discussed in detail by the next chapter. The discussion is supple-
mented by Appendix D. 
15 
IV. THEORETICAL CONSIDERATION OF MATERIAL BALANCE EQUATION 
The solution of a differential equation obtained by solving a 
corresponding difference equation will not be exact because of errors 
inherent in numerical methods. The accuracy of such numerical 
technique:; for petroleum reservoir simulators can be evaluated by 
determining the extent to which the following three aspects of the 
law of mass conservation are satisfied: 
1. The net flux of each phase is zero when these 
fluxes are summed for all grids in the dis-
cretized reservoir . 
2. The sum of volumes of the fluids contained in 
each cell must equal the pore volume of the 
cell. 
3. The overall (or cumulative) material balance 
should be unity, where material balance is 
defined as: 
Material balance 
original oil in place - oil remaining 
cumulative oil produced (IV-1). 
16 
Another way of evaluating this effect for a smaller time 
interval is: 
Incremental material balance 




Each of the conditions set forth above will now be scrutinized 
step by step: 
1. The reason that the net flux is zero is shown by 
the following equations. Consider, for illustration, the difference 
equation for the oil-phase contained in block (i,j), 
M fiX. II Y. f~XY 
1 J [ (T ) 0 •. II xy ( <P 0 ) ] i,j 
-Q M 
o .. 1,J 
n+l (OIP) .. 
1,) 
1,J 
n (OIP) .. 1,J (IV-3). 
Summing Equation (IV-3) for the entire reservoir yields: 
M N 
{ I~t r r I~Xi I~Yj 
i=l j=l 
[ (T ) II xy ( <P ) 
0. . 0. 0 1,J 1,J 
M N 
r r 
i = l j =l 
n+l n [(OIP) - (OIP) ]· . 
1, J 
M N 
J}- I~ t r r Q 
i = l j=l 0 i,j 
(IV-4). 
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But from condition 3 above, Equation (IV-2), for zero error, becomes: 
M N M N 
~t r r Q r r n n+1 [ (OIP) - (OIP) J. i=l j=1 °i, j i=1 j=1 I,j (IV-5). 
M N 
Hence, r r ~X. ~ Y. ~xy (T ) ~ xy( <P ) 0 
i=1 j=1 1 J o. o. ] I,j I,j (IV-6). 
i. e. the accountability of conservation of mass has been fully preserved. 
An approach was used in this work which maintained this con-
dition for each phase. It is shown in Appendix D. The method in-
sures that the mass flowing into a cell across any interface is 
equal to the mass leaving the interface from the adjacent block 
sharing the interface. Since the boundaries are closed, this should 
assure that the first condition is satisfied. 
2. The second condition will be satisfied if: 
s + s + s 
0 g w 
1 (IV-7). 
This condition was imposed upon the pressure equation in order to 
force the saturation derivatives to vanish (see Appendix A for the 
derivation). Errors in the pressure calculations will cause this 
condition to fail to hold. When Equation (IV-7) is not satisfied, this 
implies that the sum of the saturation derivatives does not vanish. 
Thus, it is necessary that pres sure calculations be precise, i. e. , 
the residual pressure error for each cell should be within a small 
tolerance, where the residual pressure error for block (i, j) is de-
fined as follows: 
R .. 
1,] 
n+1 P .. 1,J 
n+1 
AAX .. P. 1 . 1,J 1- ,J 
n+1 CCX .. P. 1 . 1,J 1+ ,J 
18 
_n+1 n+1 





AAY .. 1,J 
RM. 1,j = 
+ 
AX . ./RM .. 1,J 1,J 
CCX. . CX. ./RM. . 1,J 1,J 1,J 
AY . ./RM .. 
1,J 1,J 
CCY. . = CY . ./RM .. 1,J 1,J 1,J 
AX. + ex. + 1,j 1,j AY. + 1,j CY. 1,j 
H. n+1 
-.2:.J_ ( <P • . TERM .. ) Lt 1,J 1,J 
RH. . = XPCTRM + YPCTRM + XGRTRM + YGRTRM 
1,J 
and, 
H. · +1 n 
___.!:.!1. A.. n 
+ QTRM - A t ( 'Y • • TERM. .) p. . 
t..:l 1,J 1,J 1,J 
s 
Hi, j n+1 
At <P • • (1-JFP) 
t..:l 1, J 
o n+l n+l n [ (-B ) . . (B - B ) ] 
1, J o. . o. . ' 
RRH .. 
1' J 
RH . . . IRM . . 1,J 1,J 
0 1,J 1,J 
19 
The other terms are defined in Appendix B. 
The accuracy of the pressure calculation was examined with 
respect to both the average residual pressure error and the maxi-
mum residual pressure error. The average, r, is defined by 
M N R. r r 1, j 
r i=1 j=1 
MXN (IV -9). 
Desired accuracy in Equation (IV-7) was achieved by reducing r to 
0. 001 atm or less. The maximum value of the residual pressure 
error (r ) which was found to be permissible was r = 0 . 01. 
max max 
For r > 0. 01 the sum of the saturations deviated appreciably 
max 
from unity. For this study, the residuals were relaxed to the de-
sired accuracy by a technique developed by M. D. Arnold and 
21 G. Achmad, at the University of Missouri - "Rolla . 
3. In order for the material balance [ see Equation 
(IV-1) ] to r e main close to unity, it is necessary that pressure cal-
culations be accurate as discussed above. However, this is not a 
sufficient condition for good material balance . As an illustration, 
based on experience during this study, assume two-phase flow of oil 
and water. Let irreducible water saturation (S ) be 0. 2 a nd r es idua l 
we 
oil saturation (S ) be 0. 3. For these conditions, the maximum 
or 
value oil saturation can attain is 0. 8, which is (1 - S ) ; the 
we 
maximum water saturation is (1 - S ) = 0. 7. It is possible for 
or 
the calculated gradients to yield values of saturations which are 
outside these constraints. For example, it is quite common to 
find values such as 
s 
0 
0.801 and s 
w 
0. 199. 
The saturations still sum to unity and condition (2) is satisfied. 
However, these constraints will be physically maintained in the 
actual reservoir. Then it is necessary that saturations in the 
20 
model be adjusted such that S = 0. 8 and S = 0.2. This introduces 
0 w 
errors in the material balance. 
It is found in this study that saturations calculated from the 
computed saturation distribution normally give material balance 
values containing little error, even though the saturations may be 
outside logical constraints. The necessary adjustments to satisfy 
the constraints introduce material balance errors. Therefore, it 
was concluded that accurate pressure calculations cannot guarantee 
a good material balance. This is believed due to the truncation 
error discussed in the introductory chapter and to the non-linearity 
of the differential equation for pressure. 
Based on these above conditions and conclusions, it was 
assumed that holding the material balance error to zero is 
basic to a meaningful simulator and that gradient adjustments 
were a justifiable means of achieving this objective. A method 
for making these adjustments was developed. This approach, 
the Error Matrix Technique, has been tested and found to 
correct improper fluid distributions. The derivation of this 
technique and the subsequent discussion on the generated Error-
Matrix constitute the material of the following chapters. 
21 
V. DEVELOPMENT OF MATERIAL BALANCE ERROR MATRIX 
The difference equation for oil potential and oil mass 
distribution was presented in the previous chapter [ Equation 
(IV-3) ] and is repeated here as it is the basis for generating 
a matrix of material balance errors. 
t;., t t;., x. t;., y. t;., xy 
1 J [ (T ) t;., xy ( <I> ) ] 0 . . 0 .. 
1,) l,J 
n+l 




n+l (OIP) .. 
1,] 
n (OIP) .. 
1,] (V-la), 
where n+l (OIP) .. 
1, J 
S PV l 
o n+ 
( B ) 
0 
i' j 




assume, the above equations were found to hold good and pre-
n+l . dieted values of S whwh gave a negligible material balance 
o .. 
l,J 
error. However, as discussed in the previous chapter , calculated 
oil saturations frequently move outside the limits allowable in 
the actual reservoir rock. When it was necessary to change 
Sn+l in order to satisfy the constraints , it implied that error 
o .. 
l,J 
existed in the potential gradients. This conclusion was based on 
the examination of material balance errors before and after 
corrections as discussed in the previous chapter. 
n+l (OIP'). . and OE are defined respectively, as oil 
1,) 




after constraints have been applied, oil-in-place (at standard 
conditions) after constraints have been applied, and oil material 
balance error introduced by the corrections, then Equation (V-1) 
can be written as follows: 







n+l (OIP') .. 
1,) 
(OIP) .. + OE .. 
1,) 1,) (V -2a), 
where 
, n+l (OIP ) .. 
1, J 
(V-2b). 
The oil error (OE) exists because the pressure equation, which 
was solved before the saturation equations, contained an error 
which allowed the calculated saturations to exist outside the 
constraints. Therefore, the corrected saturation is acceptable and 
the oil error is forced to zero by defining a change in potential, 




0 0 (V-3a). 
Since gravity and capillary pressure effects stay essentially con-
24 
stant during a time step, the total correction was applied to 
pressure as: 
P + DP (V-3b) 
where P is the new oil-phase pressure and DP is the correction 
necessary to calculate it from the non-corrected pressures com-
puted for the new time level. Then Equation (V-2a) becomes 
6 t 6x. 
1 
where 
6y . 6 xy 
J 
(T ) 
0 .. 1,J 
- - n+l (OIP) .. 
1' J 
- - n+l (OIP) .. 
1,J == 
and PV and B are defined at P . 
0 
6xy ( <P ) 
0 .. l,J 






PV n+l ("=-} 
B 
1' J 0 .. 1,) 
- 6tQ 
o . . l,J 
(V- 4a), 
(V-4b), 
Note that all the variables which are substantially pressure-
sensitive in Equations (V-2) have been changed. The trans-
missibility, T , is only slightly sensitive to pressure ; therefore, 
0 
it was left unchanged. This procedure improved the efficiency 
. f the computation considerably, where efficiency is considered 
to be based on machine time needed for a solution, or cost of 
running the model . 
It was noted above that only the pressure is adjusted in 
the potential term. This leads to the conclusion that the diff-
erence between adjusted potential and non-corrected potential 
(in a block) calculated from Equation (V -3a) is the same as DP 
calculated from Equation (V-3b). This is due to the fact that 
subtraction cancels all terms except the pressures. Based on 
the above conclusion, subtraction of Equation (V-2a) from 
Equation (V - 4a) yields: 
!::, t 6x. !::, y. !::, xy 
1 J [ (T 0 ). . t::,xy (DP\, j ] n + 1 
1,] 
- n+l (OIP) .. 
1,] 
n +l 
- (OIP'). . - (OE) .. 
1,] 1,] 
Substituting Equations (V-2b) and (V-4b) for the first two terms 
on the right hand side of Equation (V-5) yields: 
- n +l (OIP) .. 
1,] 











At pressures above bubble point , the following relationships 
hold , since compressibilities are small: 
(PV)n+1 
= 
and, (B t+1 
0 
PV n+1 
so that, (-=-) B 
0 








[ 1 + c (DP)] 
r (V-7a) 
1 c 0 (DP)] (V-7b) 
1 + C (DP) 
r 
1 - C (DP)] 
0 (V-8). 
"-' 1 + C (DP). 
0 
Therefore, 
PV n+1 (-) 
B 
0 




neglecting the term C C (DP)2 . 
r o 
Equation (V-6) then simplifies to: 
- n +1 (OIP) .. 
1,) 
n+1 (OIP') . . 
1,) 
n +1 (S') 
0 . . 
1 , J 
{ [1 + C (DP)] [ 1 + C (DP)] r o } 
PV n +1 (-) 
B 
0 i,j 
(V- 9) , 
[(C + C )(DP) ]i 3· 




n+1 - n+1 (OIP) .. 
1,) 
n+1 (OIP') .. 
1,] (OIP'). . (C + C )(DP) .. 1,) r o 1,) (V-10). 
For pressures below the bubble point, B does not simplify 
0 
to a simple function which yields DP as a linear term. Since the 
maximum pressure correction made in all runs was found to be 
less than two psi, Bn+1 was assumed to be the same as Bn+1 . 
0 0 
Calculations sho\\ed that the error introduced by this assumption 
was negligible. It may be noted that the correction above the 
bubble point was also negligible, but was retained because of its 
simplicity. The expression for pressures below the bubble point 




PV n+1 (-) 
B 
0 i,j 
[ 1 + C (DP) .. ] 
r I,J 
Equation (V-6) then reduces to: 
-- n+l (OIP) .. 
1,] 
n+1 (OIP') .. 
1,) 
n+1 (OIP') .. (C )(DP) .. 




Generalizing Equations (V-10) and (V-12), the following equations 
were obtained: 








n+1 (OIP') .. (COMP)(DP) .. 
1, J 1' J 
C + eC 
r o 
1 if P ::_Bp 
0 otherwise . 
The final form of Equation (V-5) then is: 
or, 
!::. t !::. x. !::. y. !::. xy 
1 J [(T0 ) !::. xy(DP). . n+l 1, J ] 
i,j 
n+l (OIP') .. (COMP)(DP) .. - (OE) .. 
1,] 1,) 1,) 
(OE) .. 
1, J 




!::. t !::. x. !::. y. !::. xy 
1 J 
[ (T ) !::. xy(DP) .. ]n+l 




The solution of Equations (V-14) for each grid point, re-
ferred to as "Error Equations," is obtained by a numerical 
technique discussed in the next chapter. In matrix notation the 
difference equation is written as: 
+ -+ 
[ E ] DP OE (V-15). 
The coefficient matrix of DP is called "Error Matrix." In the 
following chapter, characteristics of this matrix are discussed 
and it is proven that the solution to Equation (V-15) is unique. 
The set of simultaneous equations were solved for the unknown 
DP's, and adjustments to pressures were made as follows : 
- n+1 (P) .. 
1,) 
n+1 P. . + (DP) .. 
1,) 1,) (V-16). 
The technique by which pressures are modified to hold material 
balance is called "Error-Matrix Technique." With the adjusted 
gradients, the saturations are recalculated. Further iterations 
are carried out until material balance errors are reduced to a 
reasonable tolerance. For the example problem, tolerance was 
set at 1% or material balance = 1 ± 0. 01. This accuracy was 
usually achieved after 1 iteration. 
19 SIP, an iterative solution technique, was employed to 
solve Equation (V -15). Usually one or two iterations by this 
method were adequate when allowing a maximum difference in the 
values of DP between two consecutive iterations of 5 x 10-5 atm. 
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VI. DISCUSSION OF FEATURES OF ERROR MATRIX PERTINENT 
TO THE RESERVOIR SIMULATION PROBLEM 
A. Definitions 
1. Let A = (a .. ) be an nxn matrix, then a .. 
1,] 1 , 1 
are called "diagonal entries" and a .. , 
1,] 
i I j are called "off-diagonal entries. " 
2. A square matrix A is "symmetric" if 
a .. = a .. , for all values of i and j. 
1,] ],1 
3. "Let A = (a. .) be any nxn complex 
1' J 
matrix, and consider any n distinct 
points P 1 , P 2 , ........ , P n in the plane, 
which we shall call 'nodes'. For every 
nonzero entry a. . of the matrix, we 
1 , ] 
connect the node P. to the node P. by 
1 J 
means of a path P.P., directed from 
1 J 
P. to P., as shown in Figure (1). For 
1 J 
a diagonal entry a .. I 0 the path 
1 , 1 
joining the P. to itself is called a 
1 
'loop, Figure (3). In this way, with 
every nxn matrix A can be associated 
a 'finite directed graph' G (A), as shown 
0 Fo 2 d 22 m 1gures ( ) an (3)." 
4° "A directed graph is 'strongly connected' 
if, for any ordered pair of nodes P 0 
1 
and P., there exists a directed path 
J 
+ + + + + + 
p p 
lr-1 lr = j 
connecting Po to Po. By inspection, G (A) 
1 J 
of Figure (2) is strongly connected, whereas 
G (A) of Figure (3) is not strongly connected, 
there being no path from P 2 to P 1 0 n 22 
5. "A permutation matrix is a square matrix 
which in each row and each column has 
some one entry unity, all others zero. "22 
6. "For n > 2 an nxn complex matrix A is 
'reducible' if there exists an nxn permu-
tation matrix P such that 
where A 1 , 1 is an rxr submatrix and A2 , 2 
is an (n-r) x (n-r) submatrix, where 












FIGURE 1. A PATH CONNECTING TWO NODES 
0 1 1 
0 1 1 G(A) 
1 0 0 
p4 
1 0 0 
p2 
FIGURE 2. DIRECTED GRAPH, STRONGLY CONNECTED 
1 1 0 G(A) = 0 
" 0 ;{ p p2 1 
FIGURE 3. DIRECTED GRAPH, NOT STRONGLY CONNECTED 
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exists, then A is irreducible. , 22 
7. "An nxn complex matrix A = (a .. ) 
1,] 
is 'diagonally dominant' if 







22 for all 1 < i <n." 
8. "An nxn matrix A is 'strictly dia-
gonally dominant' if strict inequality 
in (VI-1) is valid for all 1 < i < n." 22 
9. "An nxn complex matrix A is 'irreducibly 
diagonally dominant' if A is irreducible 
and diagonally dominant, with strict 
inequality in (VI-1) for at least one i. 
However, a matrix can be irreducible 
and diagonally dominant without being 
22 
irreducibly diagonally dominant." 
10. A real non-singular quadratic form 
q = X'AX, lA I f 0, in n variables 
is called "positive definite" if its 
rank and index are equal. Thus, 
in the real field a positive definite 
3 4 
(VI-1) 
quadratic form can be reduced to 
2 2 2 
Y 1 + Y 2 + · · · · · + Y n and for any 
non-trivial set of values of the x's, 
q > 0. 
11. "A real nxn matrix A = (a .. ) with 
l,J 
a . . < o for all i f. J. is a 'StieltJ. es l,J-
matrix' if A is symmetric and posi-
t . d f" •t 22 1ve e 1n1 e." 
B. Theorems 
The theorems stated below are from 
22 Varga who gives these proofs through 
rigorous mathematical treatment. Therefore , 
proofs of these theorems are omitted from 
this study. 
1. A non-homogeneous system of n linear 
equations in n unknowns has a unique 
solution if and only if the coefficient 
matrix A = (a .. ) is non-singular, 
l , J 
-1 
that is, A exists. 
2. If A = (a .. ) is an nxn strictly or 
l' J 
35 
irreducibly diagonally dominant matrix, 
then the matrix A is non-singular. 
Corollary. If A = (a. . ) is an 
l' J 
nxn diagonally dominant or irreducibly 
diagonally dominant matrix with posi-
tive real diagonal entrie s , the n A 
is positive definite. 
3. An nxn matrix A is irreducible if and 
only if its directed graph G (A) is 
strongly connected. 
4. If A = (a . . ) is a real nxn mat rix with 
l,J 
a .::_ o for a ll i i j, then the 
i , j 
following are equivalent: 
a. A is non-singular , 
- 1 
a nd A > 0. 
b. The diagonal entries of A 
a r e pos itive r eal numbers. 
If D i s the diagona l matrix 
define d a s d . . = 1/ a .. , 
l , l l , l 
the n the matrix B = I-DA 
is non- negative, i rreducible 
36 
5 . If A 
Corollan·. T ht! htt Ja 
• too<!& mlllrtx n . o f m:atrh (. 
\ 'Orgt!lnt . 
(:li,JI l8 A &tC!'ftJ II mAirt~ . 
-1 
then A ~ o. 
C. Properties 
The fol l owing properUea are baJ!tcd on the 
pr eceding defioltlotlt!l and tboorernt~ . Con-
aider the dif(erenc form of the J-::rror 
Equation ( t;quaHoM (\' -ll ) and (\' - 14 t l . 
(OE) . i.J 
wher e 
n • l (OIP'I . (CO IPHDP t .. 
i,J I.J 
X ! \ " ' X\" (f I ' '-' {I>Pt n • 1 l ... . j '· . I o •. . i . ) 1 
n • l ( kH ) m 
o. j I. 
i, j i \1 - ZI 
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0 otherwise (VI-3). 
Note that T , m and COMP are all positive. 
0 0 
This difference form when expanded yields: 
+ 6 t ey.(HKX). 112 .(m ) (DP .. - DP. 1 .) J 1- ' J 0 i- 1 /2 ' j 1' J 1- ' J 
6 6 + t y.(HKX). 112 .(m ) (DP. 1 .- DP .. ) J 1+ ,J 0 . 1/2 . 1+ ,J 1,) 
1+ 'J 
+ difference in Y - direction + 
n+1 (OIP') .. (COMP) DP .. 
1,) 1,) (VI-4). 
Or , in a more useful form: 
-(OXI) .. (DP)._ 1 . - (OXO\ 1.(DP\+1 1. 1,) 1 ,J ' ' 
_ (OYI). . (DP). . 1 - (OYO). . (DP) i 1. + 1 1,) 1,)- 1,) ' 
+ (OD) . . (DP) .. 
1' J 1, J (VI-5) 
where (OXI) .. 
1,) 
+ 
6 YJ. 6 t(HKX)._1 / 2 .(mo) 
1 
'J i-1 / 2' j 
and 
(OXO). . == 
1,J 
+ 6 Y. 6 t(HKX). l/2 .(m ) 
J 1+ 'J 0 i+l/2,j 




l,J (OXI + OXO + OYI + OYO) .. + (COMP)(OIP')~+~ 1, J 1,) 
Note that, OXI, OXO, OYI, OYO and OD are 
positive. 
In Matrix notation, Equation (VI-5) is: 
-+ -+ [ E] DP == OE 
The following properties can now be written: 
1. The Error Equation (VI-2) is elliptic. 
2. The boundary conditions of (VI-2) are 
3. 
same as those of Pressure Equation 
(Appendix A). 
The matrix E == (e . . ) of (VI-7) is 
1,J 
real with positive diagonal entries 
and negative off-diagonal entries. 




From Equations (VI-5) and (Vl-6), it 
seen that the matrix E is strictly 
diagonally dominant. 
The values of HKX's and HKY's are 
defined at interfaces. The values 
of m at interface are defined as 
0 
those at upstream blocks. Conse-
quently, matrix E is symmetric, 
penta-diagonal. 
6. For the purpose of illustration 
assume a reservoir divided into 
9 blocks, as shown in Figure (4). 
The (e .. ) entries of its corres-
1' J 
ponding E-matrix and the directed 
graph of this E-matrix are shown 
in Figures (5) and (6) respectively. 
For simplicity, the loop from each 
node is omitted. From the strongly 
connected graph G (E), it is inferred 
that the E-matrix of Equation (VI-7) 
is irreducible. (Theorem 3) 
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is 
1 2 3 4 5 6 7 
1 X X X 
2 X X X )\ 
3 X X 
·'= 
4 X X X X 
5 X X X X 
6 X X X 
7 X X 
8 X X 
9 X 







1 2 3 
4 5 6 
7 8 9 
FIGURE 4. AN ILLUSTRATIVE 
RESERVOIR SEGMENT 
3 
7 8 9 
FIGURE 6. DIRECT ED GRAPH 
OF E-MATRIX 
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Implied from the above properties 
and theorems are additional pro-
perties of the E-matrix. 
7. The matrix E is irreducibly dia-
gonally dominant. (Definition 9) 
8 . The E matrix is positive definite. 
(Definition 10) 
9. The E matrix is an irreducible 
Stieltjes matrix. (Definition 11) 
10 . If E = D-L-U, then the Jacobi 
-1 [ D (L + U)]and matrix BJ = 
Gauss-Siedel matrix BGS 
-1 [ (D- L) U ] are convergent. 
(Corollary of Theorem 4b) 
-1 11. E > 0. 
12 . The Equation (VI-7) represents 
a system of linear , non-homo-
geneous equations. 
13. The solution of Equation (VI-7) is 
unique. (Theorem 1) 
42 
43 
VII. EXAMPLE PROBLEM 
The Error Matrix Technique was applied to the pre-
diction of performance of a hypothetical oil reservoir during 
a five year period. Since material balance problems are 
frequently associated with water breakthrough and with 
reduction of pressure to a value near the bubble point, 
the example problem was designed so these events would 
occur early in the study. Thus the problem does not 
depict a realistic development program for the hypothe-
tical oil field, but rather a situation in which the material 
balance problem can be readily investigated. 
The grid system which was used is illustrated by 
Figure (7). The data used can be classified into four 
main categories: 
A M t · data i e the data that must be speci-. a riX , .. , 




~ • tc. x = 5000 ft. (8' 2) (11, 2) 1 2 




= 2 0 0 ft. , i = 3 , 4 ..... 12 
• @) 
6 Y. = 200 ft. ' j = 1, 2, .. .. 10 (4, 4) (10, 4) ) 
• 
4 
(not dra\\·n to scale) 
(6, 5) 5 
@ 
• Producing Well (12, G) 
6 
• 9 Injection Well (8 ' 7) 7 
8 
• • (5, 9) (10 , 9 9 
• (12,10) 10 
1 2 3 4 5 6 7 8 9 10 11 12 
FIGURE 7. FIELD GRID AND WELL LOCATIONS 
1. Depth to top of productive formation 
* in feet: 
8000 j = 1,2, ..... ,10 
45 
z . 
i,J (Z. 1 .) -30 1- 'J i 2' 3 ' ..... ' 12 ; ). = 1 2 10 ' ' .... ' . 
2. Thickness in feet: 
H .. 30 I,J 
3. Porosity: 




4. No gas cap. Therefore, initially 
s g .. 
I, J 
0 all i,j. 
* Units in this section are as defined. In the Nomenclature 
(Appendix F) the units are noted in cgs since that system 
was used in equations. Data are customarily read into a 
computer program in English units and converted internally 
into cgs. 
5. Irreducible water saturation, S = 0. 2; 




equilibrium gas saturation, S 
gc 0.05. 
6. Initial free water saturation: the water-
oil contact was taken at 7985 ft., hence , 
1.0 j 1,2, .... '10, 
since each of the blocks , i 1 , is 
below the water table , 
46 
(1. 0)(8000 - 7985) + (0. 2 )(7985 - 7970) 
3 0 
= 0. 6 j 1 , 2 ' .... ' 10 , 
since each of the blocks, i 2 , i s cut 
by the water- oil contact. 
s = 0. 2 i = 3 ,4, .. . , 12 ; j = 1 ,2, . . . , 10 , 
W • . l , J 
s ince each of these blocks is above the 
w at e r - oil contact. 
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1 - s 
W •. 
I,] 
s g .. 
I,] 
all i,j. 
8. Initial pressure distribution: 
4000 psi j 1,2, ... '10. 
Then, pressure increases down-dip as 
follows: 
P .. = P. 1 . + g Po .. I,] I+ ,] 
I,] 
Z H. . (Z H. 1 . ) ( ( .. + ~ - . 1 . + I+ ,] 
I,] 2 I+,] 2 
i 11, 10, ... ,2, 1; 1,2, ... '10. 
or, P. P. 1 . + !1Zg p o. I,j I+ ' J 1' j 
If, Po. = 50 1b/ft
3 and L'.Z 30 ft. 
l,j 
50 X 30 psi. P . P. 1 . + 144 I,j I+ ,] 
9. Permeability: 
k. . = 100 md all i, j. 
1,] 
B. Reservoir fluid properties (pressure dependent): 
1. Compressibilities: 
C = 45 X10-6 
0 







P > BP. 
all P. 
all P. 
2. Bubble point pressure: 
BP = 3 800 psi, all i, j. 
3. Gas solubility in oil: For P in psi, 




0.2707 + 0.03147P: P < BP. 
0.2707 + 0. 03147BP: P > BP. 
4. Densities and formation volume factors : 
For P in psi, 
gas: 9.1 x 10-5 g / cc; ('s' indicates 
standard condi-
tions); 
B 1. 0 / (. 1936 + . 05045P); 
g 
p = p / B 















1. 037 g/cc ; 
[ c (14. 7 -
. w P)J 
e 
p w /B w 
s 
0. 822 g/cc 
1. 0785 + 1. 005 














0.395 cp: all P ; 
-6 
= 0.0096 + 4.44 X 10 p 




= 1. 523 - 2. 43 x 10 BP cp : 
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P < BP; 
P > BP; 
P < BP 
P .::_ BP. 
C. Saturation dependent variables : 
1. Capillary pressure : only that between 
2 . 
water and oil was considered: 
1 
Relative 
99(1 - s ) 
1- ---~w­
(1 - s ) 
we 
permeabilities , as 
(S - S )3 
fractions: 
water: k w we 3 r (1 - s ) w 
we 
(S - S )2 
oil: k o or 
r 2 
0 (1 - s - s ) 
or we 
(S - s )3 
k g gc gas: 
r 3 . g (1 - s - s s or) gc we 
D. Well data, time schedule , and block data. 
1. Number of blocks: M x N 12 X 10 = 120 • 
2. Block size : 
6 x 1 = 5000 ft. 
[1X2 2000 ft. 
l\X . = 200 ft. i = 3' 4 , ... ' 12 . 
1 
6y. 200 ft. 
J 
j 1, 2' ... ' 10. 
50 
3. Time steps: Initially, the time step was in-
creased gradually from 0. 5 to 70 days in 
order to maintain stability. The later time 
step size was maintained until a well was 
shut in. At that time the step size was 
reduced to 0.5 days, then gradually in-
creased once again to 70 days. 
4. Production/injection schedule : Seven pro-
ducing wells and three water injection wells 
were used. Location of the wells is illustra-
ted by Figure (7). Each oil well initially 
produced 3600 STB of oil per month, and 
the maximum total liquid produced from 
each well was limited to 7200 STB/mo. 
The water injection rate was 6000 STB/ mo. 
for each injection well. No-flow conditions 
were imposed at each external boundary. 
The well pattern and grid spacing were s elected to study 
mathematically the efficiency of the Error Matrix Technique . 
An inj ector at grid location (12 , 6) and a produce r at (12, 10) 
w e r e pla ced at the edge s of the grid pattern in order to 
examine error due to the boundaries [ see Figure (7) ] · 
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Such errors have been observed in previous investigations 
but did not appear in this study. The other two injectors 
at (8, 2) and (10, 4) were placed in these positions to study 
their effect on the nearby producer at (11, 2) and on more 
distant producers at (6,5), (8, 7), and (10, 9). The large 
grid blocks for i = 1 and i = 2 were intended to accentuate 
material balance problems and to provide a quantity of water 
sufficient to cause natural influx. 
After the well at (4, 4) had produced for 583. 5 days, 
the water-oil ratio was rising rapidly due to water influx 
from the aquifer, and the well was slrut in. The producer 
at (11,2) was shut in after 790 days when the water-oil 
ratio became excessive. The injectors were closed one by 
one as flood-out of nearby producers became imminent. The 
injector at (8, 2) was shut in after 790 days followe d by shut-
in of injectors at (12, 6) and at (10, 4) after 880 and 970 day s 
respectively. 
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VIII. "RESULTS AND DISCUSSION 
The example problem described in Chapter VII was studied 
by two computational techniques. These two mathematical sim-
ulations will be designated "Case I" and "Case II". Case I, 
which served as a basis for comparison, was a conventional 
simulation conducted without the material balance error correction 
which was developed in this study. Case II was a simulation 
modified by Error Matrix Technique so the material balance 
error was reduced to less than one percent. The sequence of 
computations employed in this study is presented in Appendix E. 
The effectiveness of Error Matrix Technique is illustrated 
by a comparison of the material balance curves for the two cases 
(Figure 8). For Case II, the curve showed a maximum value 
of 1. 008 and did not oscillate. It stabilized at a constant value 
of approximately 1. 001. For Case I, the material balance curve 
started out at a relatively high value (1. 033) and declined to a 
value of approximately 1. 002. Thus the average material balance 
error for Case I was more than twice the corresponding error 
for Case 11. The Case I curve also tended to exhibit oscillation. 
53 
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1. 04 -
----- CASE I -







< 1. 01 ~ 
< P4 
~ 1. 00 
< 
..... 
\ 1 SHUT IN (12, 6) 
\ I SHUT IN I 
\ I (4 4) I 
, I ' I SHUT IN (10 4) 
' I I I ' 
...., I I I 
... ______ I I I I 






l SHUT IN 
I (8, 2); (11, 2) -
0.98 . 
0. 97 . . 
0. 96 -~ -
. . I I 
I I I I 
' ' 
200 400 600 800 1000 1200 1400 1600 1800 
CUMULATIVE TIME IN DAYS 
FIGURE 8. OIL MATERIAL BALANCE AS A FUNCTION OF TIME 
Although no attempt was made to correct any corresponding 
water material balance, Case II showed improvement over the 
conventional simulator (Case I) when the potential gradients, 
based on oil material balance error, were adjusted. This com-
parison can be observed in Figure (9). Both Cases I and II 
gave the same water material balance up to approximately 600 
days. The curve of Case II then remained near unity whereas 
that of Case I showed some deviation. After five years, Case I 
had a water material balance of 0. 988 and Case II had a corres-
ponding value of 0. 992. Therefore, Case I had an error 1 1/2 
times as large as Case II. 
When the Error Matrix Technique was applied to correct 
any material balance error, the maximum adjustment necessary 
in any block was 1. 5 psi. This change, though too small to 
show an appreciable change in average reservoir pressure 
[ Figure (10) ] , affects the pressure gradients sufficiently to 
account for all the material balance error which was observed. 
The conventional type of simulation (Case I) will yield a 
satisfactory history match even though the material balance may 
be in error. Therefore, although the simulated producing 




------- CASE I 
~ 1. 03 u CASE II 
z 
<; 
-< 1. 02 
""' 
SHUT IN SHUT I N (12 , 6) 
-
' (4, 4) 
....... 
< 1. 01 
-0:: 
;.:: 
1 SHUT IN (10 , 4) 
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< I ------~ I I SHUT IN 
I 
0 . 98 I (8, 2); (11 ,2) 
200 400 600 800 1000 1200 1400 1600 1800 
CUMULATIVE TIME IN DAYS 
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of production regardless of material balance errors, the dis-
crepancy will become evident in predicted performance. In-
correctly calculated fluid volumes will ultimately result in 
erroneous predicted production rates. Computed ultimate re-
covery will also be in error. 
In this study, the reservoir performance curves [Figures 
(10-14) ] show little variation for the two cases during the five 
years of simulated production history. However, some differ-
ences are observed in the graphs. Figures (10) to (14) show 
average reservoir pressure, cumulative oil produced, cumula-
tive water produced, oil producing rate, and cumulative water-
oil ratio, respectively, as functions of time. The difference 
in the average reservoir pressures calculated for the two cases 
was approximately 10 to 15 psi. This difference in calculated 
pressures is scarcely noticeable in Figure (10) because of the 
scale used. Small deviations in total oil produced and oil 
production rate are shown by Figures (11) and (13). 
For both the cases studied, the net flux for the total 
field was small. This is a criterion for establishing the validity 
of the model and is discussed in Chapter IV. Net flux values 
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accuracy allowed. 
The additional computing time required to solve Error 
Equations for Case II was slight, since only 1 or 2 SIP iterations 
were adequate to obtain the necessary convergence. The itera-
tions were terminated when the difference in the values between 
two consecutive iterations was less than 5 x 10-5 atm. 
The average computer run time per time step for the 120 
blocks used in this study was 50. 51 seconds for Case I and 51. 70 
seconds for Case II using an IBM 360/50 computer. Thus, the in-
creased run time for Case II as compared to Case I was 2. 35 per 
cent. The cost of running the model with Case I was $1.764 (for 
50.51 seconds) and with Case II was $1.802 (for 51.70 seconds). 
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IX. CONCLUSIONS 
The presentation of the theory and the results of an 
example problem lead to the following conclusions: 
1. Reduction of pressure residual errors to 
small values is a necessary, but not 
sufficient condition for maintaining accurate 
material balance calculations. 
2. It is theoretically correct to reduce ma-
terial balance errors to zero by adjusting 
potential gradients to eliminate these errors. 
3. Maintenance of a mass balance for each 
grid block is a sufficient condition for 
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holding a satisfactory overall material balance. 
4. It is feasible to reduce material balance 
errors to a reasonable tolerance by using 
the Error Matrix Technique developed 




Equations of Motion 
Figure (15) shows a schematic representation of the field: 
Applying the mass rate balance on water phase yields: 
(mass rate in - mass rate out) - mass rate produced = mass rate 
of accumulation. 
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An analogous equation for oil phase is 
(A-5). 
B V • [{T ) V ( <P ) ] 









where JFP is a "Jupiter Fluid Phenomenon" factor. Its value is 
either 1 or 0 (see Appendix C). 
Equation (A-6) can then be written as: 
S dB 
B V • (T ) V (<I> ) 
0 0 0 
o o a P H ¢ ( S C - (JFP)---) 
o r B dP at 
0 
s a B as 
- H ¢ (1-JFP)_£ __ o + H ¢ o 
B at a t 
0 (A-8). 
For the gas phase, additional terms of solution gas must be 
included: (mass rate in - mass rate out) 
8, x 8, y P { V • [ (Tg) V ( <I>g) ] + V • [(T R ) V (<I> ) ] } 
gs o s o (A-9) 
rate of production (Q + Q R ) pg g 0 s s (A-10) 
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rate of accumulation = 
a s<t> a s<t> 
P f:.. x f:..yH[- (_g_B ) + -(R _o_)] g at at s B 
s g 0 (A-ll) 
(A-12) 
a s <t> 
Simplifying ---at<-f-> as before [Equation (A-4)] , substituting 
g 
a 8 o <I> 
for Tt(~) from oil equivalent Equation of (A-3) and re-
o 
arranging yields: 
B V • [ (T ) V ( <P ) g g g + B V • [ (T R ) V ( <P ) ] g 0 s 0 
B R V • (T ) V ( <P ) g s 0 0 
S dB B S dR ap 
_g ___K __g_9_ s 
= H <I> (S C - B dP + B dP >at g r g o 
as 
+ H <l>__g 
a t (A-13). 
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The partial differential Equations (A-5), (A-8) and (A-13) 
are equations of motion of the system. They are non-linear, 
since T is a function of saturation and pressure. The equations 
are parabolic, since the time derivative terms are not zero. 
Therefore, the equations cannot be solved by classical means. 
If P is the pressure defined in the oil-phase, pressures 
in the other two phases can be related to P by the use of 
capillary force. Hence: 
p = p 
0 (A-14) 
p = p- p ; p p - p 
cow w w cow 
(A-15) 
p = p P; p p + p 
ego g g ego 
(A-16) 
The potential drop of each phase, including gravity effects, can 
now be written as: 
= V (P - g p Z) 
0 
(A-17) 
= " (P - P - g p Z) v cow w 
(A-18) 
= V (P + P - g p Z) 
ego g 
(A-19) 
Equations (A-5), (A-8), and (A-13) with Equations (A-17), (A-18), 
and (A-19) and the following 
or, 
s + s + s 
0 w g 1 
d 
d t (S + S + S ) = 0 0 w g 
can be used to solve for the four unknowns, namely, P, S , 
w 




Adding Equations (A-5), (A-8) and (A-13) using Equations 
(A-17), (A-18), and (A-19) yields: 
r B v. [ (T) v < <I>> J 
o,w,g 
B R V • [(T ) 'V ( <I> ) ] g s 0 0 
where, 













+ H ¢(TERM) 
s 
0 





dB S dB 
__g 0 0 




Equation (A-22) is the governing pressure equation. 
APPENDIX B 
Finite Difference of Pressure Equation 
Consider the central difference in the x-direction: 
where, 
6 [ (T). . 6 ( <P). • ] 






(<P i+1 - cp i) 
[Ti+1/2 ( !::. "-· /2 X. + UA. 1) 1 I+ 
- T i-1/2 (6 x. + !::.X. 1)/2 )j 1 1-
( cp. - cp • 1) I I-
(B-2), 
and T = (kH)m. The product (kH) at the interface is approxi-
mated as a series average by using the concept of equal flow at 
the interface and the surrounding blocks. Hence from Darcy's 
law: 
(kH). 1/2 . I+ ,J 
[ (kH). (kH). 1 ( 6 X. + 6 X. 1)) I I+ I 1+ j 
[ (kH)I. ( f::.XI. +1) + (kH). 1 ( !::. x.) ] I+ I j (B-3). 
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Mobilities at the interfaces are evaluated at the upstream block 
for the reasons suggested by Bjordammen and coats. 14 
Defining HKX .. 
1,] 
2 (kH). +1/ 2 . 1 ,] 
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l::.x. + f::.x. 1 1 1+ (B-4), 






- (HKX)i-1 (m )i-1/2 (<I> i - <I> i-1) ]j (B-5), 
+ 
where, m connotes upstream mobility. The time derivative is 
approximated by backward finite difference as: 
ap 
a t 
n+1 n p - p 
1::. t (B-6). 
Equations (B-5) and (B-6) are used for approximation to 
differential pressure equation (Appendix A). The solution by 
ADIP was employed. Going from n to n + 1/ 2 time, changes 
in x-direction only are considered. Hence, for a block (i, j) 
the difference form is: 
n +1/2 n+1/2 n+l/2 
AX .. P. l . + BX .. P. . + CX1. 1.P1. +l 1. 1,] 1- ,] 1,] 1,] ' ' 




AX .. I,J 
1 r r + 
--{HKX Bm ++ 6. x. i-1 o,w,g i i-1/2+B (m R ) 
I gi 0 s i-1/2 
- B R (m +) ] 0 +1 
g. s. 0 . 1/2 
} 
j 
ex .. l,J 
BX .. = 
I,J 
I I 1-
{HKX. [ .L B.m; 1/ + B (m +R+) I o,w,g I I+ 2 gi o s i+1/ 2 
B R (m +) 1n+1 
g . s. 0. 1/2 
} 
j I I I+ 
AX .. 
I,J 
;i j n+1 




TERM is defined in Equation (A-13) of Appendix A. 
DX .. 
I,J 
XPeTRM + YPeTRM + XGRTRM + YGRTRM 
H. · n+1 
+ GTRM - A It,/]2 ( <P • . TERM. . ) 
D I,J I,J 
n n n 




8 n+1 ( 0) 
¢~~1(1-JFt>) i , j 
I,J n+1 (B ) 
0 .. I , J 
n+1 _ Bn (B 
o. . o . . I , J I,J 
(B-11). 
A Y. . and CY. . are defined in a manner similar to AX .. and 
1,] 1,] 1,] 





1- 'J + B (m ) (P 
W. W . 112 COW. 1 1 1- 1-
B (m +) (P - Pcgo.) ]n+1 








[ B (m ) (P o - pcow ) 
wi w i+1/2 c wi+1 i 
+ 
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B (m ) (P - P ego.) 1n+1 gi g i+1/2 cgoi+1 1 j (B-12). 
An analogous equation for YPCTRM can be readily obtained. 
XGRTRM 









HKX. 1 . 1- 'J 
b. X. 
1 
r + n+1 
(H. 1 . b. Z) (B. p. 1/2m. 1/2). 1- ,J o,w,g 1 1- 1- J 
+ + n+1 p B (m R ) ] 
0 i+1/2 gi 0 s i+1/2 j (H. 1 . 6 Z) 1+ ,J 
+ + n+1 A z 
p B (m R ) ] (Hi-1, j u ) 
0 i-1/2 gi 0 s i-1/2 j 
+ 
where 
(B R )n+1 
g s .. 
___ 1,) 
6 X . 
1 
+ n+1 [ ( P0 m0 ) HKX .. (H. 1 . 6Z) 
i + 1/2 ' j 1 ' J I+ ' J 
+n+1 ( p m ) HKX. 1 . (H. 1 . 6 Z) ] 0 0 i-1/2,j 1- ,) 1- ,] 
H. 1 . 6 Z = (Z. 1 .- Z . . ) + 1/2(H. .- H .. ) 1- ,J 1- ,) 1,] 1-1,J 1,J 
H1.+1 1. 6 Z = (Z1.+1 - Z 1.) . + 1/2(H. 1 - H.) 
' ,] 1+ 1 ,j 
YGRTRM follows from Equation (B-13). 
r QB 
QTRM = o, w,g 




To complete the calculation for the full time step, changes in Y-
directions are made in going from n + 1/ 2 to n + 1. Thus: 
n+1 n +1 n+1 
AY .. P .. 1 + BY .. P .. + CY .. P .. 1 1,) 1,)- 1,) 1,) 1,) 1,)+ DY . . 1,) 
All the coefficients have the s a me definitions as above. 
DY. . = XPCTRM + YPCTRM + XGRT RM + YGRTRM 
1,) 
H. · n +1 
+ QTRM- A1t'/J2 ( ¢ .. TERM .. ) 
D 1,) 1,) 
(B-14) 
AX pn+1/2 + (AX .. + ex .. )Pn. +.1/2- n+1/2 




(Bn+1 _ Bn ). 
o. . o .. 
1,] 1,] 




Jupiter Fluid Phenomenon 
In Matrix notation the difference form of pressure equation 
(Appendix A) can be written as: 
+ + 
[A ] p = q 
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The matrix A is strictly diagonally dominant [ see Chapter (IV-A) 
for definitions ] if TERM in Equation (B-10) of Appendix B is 
positive. The TERM defined as: 
TERM = 
S dB 
C +S C _ __g__g 






(JFP) _Q ____£ 
B dP 
0 
will always be positive above bubble point. Below, and in the 
vicinity of the bubble point, the negativity of dB /dP may domi-
o 
nate over the positivity of the sum of other factors, resulting 
in negative TERM. When this happens, the "Jupiter Fluid 
Phenomenon" is said to exist. Experience in simulation work 
has shown that instability can result when this situation occurs. 
stability is regained, however, when strictly diagonally domi-
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B - Bn 
0 0 
6 t 





0 (JFP)(dP ) 
d p dBo 





When the Jupiter Fluid Phenomenon occurs, JFP = 0 is assign-
ed, otherwise JFP = 1. This simple maneuver assures 
strictly diagonally dominant condition of matrix A by always 
rendering TERM positive. 
APPENDIX D 
Material Balance Equation 
The common practice of writing the material balance equa-





and t:.s = 
o .. l,J 
B S PV 
( o p+1 o n 
PV' (~) + 15. s 
o .. 0 i,j i,j 1, J 
B 
fit (_9__ n + 1 
PV) 
i, j 
- Q } 
o .. l,J 
(D-1) 
[ (T ) t:. xy( ~ ) 
0. . 0 .. l,J l,J 
(D-2). 
The oil-in-place, needed for material balance equation error 
check, is subsequently calculated as: 
n+1 (OIP) .. l,J 
S PV 1 o n+ 
( B ) 
0 
i,j (D-3). 
The application of Equations (D-1) and (D-2) to obtain Equation 
(D-3) increases the machine round-off error. This situation 
occurs primarily because of the large numbers which arise when 
the computation is made with the customary units of Darcy's 
law. The following adjustments have been found useful to be 
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effective in reducing round-off errors. 
1. In lieu of saturation-matrix, it was found ex-
pedient to carry forth OIP-matrix as: 
n+l (OIP) .. 1,J 
and !::. (OIP) .. 1,J 
n (OIP). . + !::. (OIP) .. 
1' J 1, J 
= !::. t {!::. x. !::. y. !::. xy 
1 J 
- Q } 
o . . 
1,) 
(T ) !::. xy( ¢ ) 
0. . 0 .. 
1,J 1,) 
Saturation-matrix is then calculated from: 
S PV l o n+ 
( B ) 
0 i,j 
= 
n+l (OIP) .. 
1,] 
2. U the round off error still persists, d efine 
n RR = (OIP) + !::. (OIP) 
RE 
n +l 
RR - (OIP) 
Recalculate: 
__ n +l 
(OIP ) = 








Substitute this (OIP) n+ 1 in Equation (D-8) and iterate through 
(D-9) till RE .:':: 0. On IBM 360/50, this error was eliminated 
in one iteration for single precision calculations. 
The water material balance equation is akin to Equations 
(D-4) and (D-5). For gas, the corresponding equations are: 
n+1 (GIP) .. 
1,J = 
n n (GIP) .. + [ (R )(OIP) ] 
1, J s . . 
1, J 
n+1 
- [ (R )(OIP) ] 
s .. 
1,J 
+ b. t b.x. b.y. b.xy [ (T ) b. xy (<P ) ] 
1 J g . . g .. 
+ Lit boX. bo y. fl xy 
1 J 
1,J 1,] 
(T R ) b.xy (<P ) 
0 s. . 0 .. 
1,J 1,J 
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Computational procedure used for obtaining stable solution to 
the simulation problem is described by reference to the following 
flow chart: 
1. Read ~t 
2. Estimate P, S 







re Errors I 
1------,----
urations J 
Check Tolerance, ~No--+(D 
P,S 
Yes 




Generate and Solve 
Material Balance Error 
Matrix by SIP 
Check Tolerance , 
Material Balance 
Good Jad~ 
Print Results I 
1 Go to 1.1 
The following procedure was used: 
1. A suitable value of !:::. t was selected and read 
in, based on the criterion that the change in sat-
uration should not exceed four percent for any 
phase during the time step. 
2. Future pressures and saturations were esti-
mated by the method discussed in Chapter III. 
The initial values were used only for the first 
iteration of the initial time step. 
3. Coefficients were calculated from implicit pres-
sures and saturations. These values were ob-
tai.ned from Step 2 for the first iteration and were 
those calculated from the previous iteration for 
subsequent passes. 
18 
4. The pressure equation was solved by ADIP as 
discussed in Appendix B. This computation 
yielded an approximate solution for pressures 
at each grid point in the network. 
5. The residual errors of these pressures were 
relaxed in order to improve the solution. The 
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procedure was discussed in Chapter IV. 
6. Saturations of oil, water and gas were deter-
mined for each block by solving the difference 
equations described in Appendix D. The error 
in material balance was calculated for the time 
step. 
7. The difference was determined between calculated 
pressures and the pressures used to compute 
coefficients. The same differences were deter-
mined for each fluid phase in each block. If 
these differences were not within the selected 
tolerances, another iteration was made by re-
peating Steps 3 through 7. 
8. When convergence was obtained based on criterion 
7, the calculations branched to a location de-
pendent on whether Case I or Case II was being 
studied (these cases are defined in Chapter VIII). 
Up to this point the two cases were the same. 
For Case I, the calculations were complete 
for the time step and control was transferred to 
Step 1 to begin a new time step. 
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For Case II, a material balance error matrix 
was generated. These errors were relaxed by 
the Strongly Implicit Procedure. 19 When these 
errors were reduced to the specified tolerance , 
the calculations were complete and control was 
transferred to Step 1 in order to initiate cal-
culations for a new time step. The option was 
available, but never needed, to iterate by trans-
ferring control to Step 3, during the same time 































formation volume factor, when subscripted 
for phase, res. vol. /std. vol. 
bubble point pressure, psia. 
oil compressibility, atm - 1 . 
rock compressibility, atm - 1 , ( 1 /¢) d <PidP. 
-1 
water compressibility, atm . 
diffusivity term. 
thickness , em. 
jupiter fluid phenomenon factor. 
overall transmissibility term. 
number of blocks in x-direction. 
number of blocks in y-direction. 
oil-in-place, std. cc. 
oil-phase pressure, atm. 
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capillary pressure between oil and water, atm . 
capillary pressure between gas and oil , atm. 
89 
PV pore volume, cc. 
Q producing rate, std. cc/sec. 
R 
s gas solubility in oil, std. vol. /std. vol. 
+ R = s gas solubility in oil, upstream, std. vol. I 
std. vol. 
s saturation, fraction. 
s gc equilibrium gas saturation, fraction. 
s = 
or 
residual oil saturation, fraction. 
s = 
we 
irreducible water saturation, fraction. 
z = depth to the top of formation from a datum 
elevation, em. 
Lowercase Letters 
acceleration of gravity, em/sec 
2 
g = 
k absolute permeability, darcy . 
k relative permeability, fraction. 
r 
m = k /Bl-l. 
r 
+ k / Bl-l upstream. m = 
' r 
t = time, sec. 





















previous time level. 





6. xy first difference along x and y directions. 
6. xy( 6.xy) = second difference along x and y directions. 
. d d 
1-- + j --, the nabla differential operator. 
ax 3Y 
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